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Abstract 



We show that for general relativity in odd spacetime dimensions greater than 4, 
■ all components of the unphysical Weyl tensor for arbitrary smooth, compact spatial 

Cp , support perturbations of Minkowski spacetime fail to be smooth at null infinity at 

I leading nonvanishing order. This implies that for nearly flat radiating spacetimes, the 

non-smoothness of the unphysical metric at null infinity manifests itself at the same 
Q^i order as it describes deviations from flatness of the physical metric. Therefore, in odd 

^ ' spacetime dimensions, it does not appear that conformal null infinity can be in any 

way useful for describing radiation. 



The notion of conformal null infinity was introduced more than forty years ago by Penrose 



' DO context of 4-dimensional general relativity, and has provided a remarkably fruitful 

^ framework for giving a mathematically precise description of the asymptotic properties of 

gravitational radiation. In this framework, one defines an "unphysical spacetime" with a 
metric that is conformally related to the physical metric, in such a way that "asymptotically 
large distances in null directions" correspond to ordinary points on a boundary ( "null infin- 
ity") attached to the unphysical spacetime. One can then define notions such as Bondi mass 
and energy flux via local definitions on this boundary rather than by taking asymptotic lim- 
its in the original, physical spacetime. The appropriate degree of differentiability to assume 
for the unphysical metric has been been a subject of much discussion and analysis (see |2] 
and references cited therein). However, in 4-dimensional general relativity it is known that 
there is a wide class of radiating spacetimes for which the unphysical metric is smooth jS]. 
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The notion of conformal null infinity and the definitions of Bondi mass and energy flux 
have recently been investigated by Hollands and Ishibashi jl] in the context of general rela- 
tivity in spacetimes of dimension greater than 4. It was found in |i] that for even dimensional 
spacetimes, the notion of asymptotic flatness can be generalized in such a way that notions 
of Bondi mass and energy flux can be defined. It also was found that this definition of 
asymptotic flatness is stable to small perturbations in the sense that linearized perturba- 
tions with smooth initial data of compact support off of an asymptotically flat solution 
satisfy the linearization of the asymptotic flatness criteria. (This property had previously 
been shown to hold in 4-dimensions by Geroch and Xanthopoulos jSj.) However, Hollands 
and Ishibashi also noted that their proposed definition of asymptotic flatness would not work 
in odd dimensions, since, in their proposal, in odd dimensions the leading order deviation 
of the unphysical metric from a fixed smooth background metric would be proportional to 
a half-integral power of the conformal factor Q. Consequently, the unphysical metric would 
not have sufficient smoothness to perform any meaningful constructions at null infinity. 

The main purpose of this paper is to show that these difficulties are not merely artifacts of 
the particular proposed definition in j4|. In odd spacetime dimensions, there is no difficulty in 
conformally mapping Minkowski spacetime into a portion of the Einstein static universe (see 
below). (Similarly, there is no difficulty in defining a suitable conformal null infinity structure 
in other stationary spacetimes^, such as odd dimensional Schwarzschild spacetime). However, 
severe difficulties with conformal null infinity in odd spacetime dimensions arise when one 
considers spacetimes containing radiation^, and these difficuties manifest themselves already 
at the level of linearized perturbations off of Minkowski spacetime. In this paper, we will 
show that for perturbations of odd dimensional Minkowski spacetime with initial data that 
is smooth and of compact support, the fall-off of the physical Weyl tensor is such that the 
behavior of the unphysical Weyl tensor at null infinity must begin with a helf-integral power 
of fl. This shows not only that the perturbed unphysical metric cannot be smooth at null 
infinity, but furthermore that its failure to be smooth manifests itself at the same order as it 
describes deviations of the physical metric from flatness. It therefore does not seem possible 
that useful constructions to describe gravitational radiation can be given within a conformal 
null infinity framework in odd dimensional spacetimes. 

To begin, consider c?- dimensional Minkowski spacetime (M = M.'^,'r]ab) for any (even or 

^It should be noted that in 4 spacetime dimensions, the deviation of the physical metric from the 
Minkowski metric will fall off at null infinity as 1/r for both stationary and radiating solutions. How- 
ever, in both even and odd dimensional spacetimes with d > 4 the deviation of a stationary metric from 
the Minkowski metric will have a faster fall-off rate than that of a generic asymptotically flat radiating 
solution ||4j. 

^The fact that Huygens' principle fails for the wave equation in odd dimensional Minkowski spacetime 
suggests the possibility that the failure of Huygens' principle might be responsible for the difficulties with 
the conformal null infinity framework. However, our analysis does not reveal any obvious direct connection 
between the failure of Huygens' principle and the failure of the conformal null infinity framework 
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odd) d > 3, where rjab denotes the flat metric 



ds = —dt + dxi + ■ ■ • + dx^_i 

,2 

''d-2 ' 



where duj'\_2 denotes the metric on the unit, round {d — 2)-dimensional sphere. The d- 
dimensional Einstein static universe is the manifold ii^ = M x S'^~^ with metric gab given by 

As in 4-dimensions (see, e.g., jE]), we can conformally map (i-dimensional Minkowski space- 
time into a portion of the (i-dimensional Einstein static universe as follows: We define 
M = t — r, f = t + r, and we define the map : M ^ so as to preserve the {d — 2)-sphere 
angular coordinates and take the point labeled by (m, v) into the point labeled by 

T = tan~^ V + tan""*^ u , (3) 
R = tan~^ V — tan""*^ u . (4) 



Then it can be verified that 
where 



gab = ^'^ip*r]ab , (5) 



= 4:{l + v')- i^ + uT'. (6) 



Note that this construction works equally well for d odd or even. 

The null portion of the boundary of Minkowski spacetime in the Einstein static universe — 
namely, the null surfaces T"*" and X~ , defined, respectively, by T = vr — _R and T = R — n, 
with < i? < vr — provides the prototype for the construction of conformal null infinity 
for asymptotically fiat spacetimes. However, in order for this construction to be useful 
for describing spacetimes where gravitational radiation is present, it is necessary for this 
construction to continue to work if we perturb Minkowski spacetime to another solution 
of the vacuum Einstein equation Rab = 0. This leads to the following requirement at the 
level of linear perturbation theory: Let jab be a solution of the linearized Einstein equation 
with suitably regular initial data (say, smooth and of compact support). Then, modulo a 
gauge transformation of jab and a perturbation, 6fl, of the conformal factor, we require that 
the perturbed unphysical metric extend to conformal null infinity so as to be sufficiently 
differentiable there. Here, by "sufficiently differentiable" , we mean (at the very least) that 
some non-Minkowskian asymptotic properties of the physical metric rjab+jab can be expressed 
in terms of the curvature of the unphysical metric (or derivatives of its curvature) evaluated 
at conformal null infinity. Thus, given jab, we seek a vector field on Minowski spacetime 
and a smooth function Sfl on the Einstein static universe (with 5^2 = at conformal null 
infinity) such that the perturbed unphysical metric 

Jab = ^^rilab + da^b + ObU) + 2n6nrVab (7) 
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extends to conformal null infinity so as to be sufficiently differentiable there. (Here da denotes 
the derivative operator associated with r]ab and indices are raised and lowered with r]ab-) If 
the spacetime dimension d is even, it has been shown jHj, jlj that — by a suitable choice of 

and 5VL — the perturbed unphysical metric -^ab can always be made to be smooth. Indeed, 
as already mentioned above, smoothness holds not only for perturbations of Minkowski 
spacetime but for perturbations of any asymptotically flat vacuum solution. However, we 
now shall show that this is not the case when d is odd. 

Rather than analyze the behavior of linearized perturbations in terms of the metric 
perturbation 70^, it is much more convenient to work directly with the perturbed Weyl tensor, 
SCabcd- This has the dual advantage that 6Cabcd is both gauge invariant and conformally 
invariant. Consequently, by working with 5Cabcd we will be able to immediately determine 
the behavior of the unphysical Weyl tensor SCabcd near conformal null infinity. We will 
show that in odd dimensions, the leading order behavior of SCabcd must always begin with a 
half-integral power of Q, and thus it is non-smooth to the same extent as it is nonvanishing. 

First, consider any spacetime that satisfies the vacuum Einstein equation Rat = 0. The 
uncontracted Bianchi identity immediately yields 

V^aCfecJde = . (8) 

Contracting over a and d and using the tracelessness of the Weyl tensor, we obtain 

V''acae = 0. (9) 

Applying V" to eq.®, we obtain 

= V"V[aC;,c]de = - VVaCfccde + " V^VfeCcade + - VVcCaMe • (10) 

But, we also have 

V^VfoCcade = VfoVCcade + C°'bJCfade + C°'bJCcfde + C"'bd^ Ccafe + C°'be^ Ccadf 

= C°'bJCfade + C"'bd^Ccafe + C^be^ Ccadf , (H) 

and similarly for the last term in eq. ()10|) . Consequently, we obtain 

V^VaCftcde = terms quadratic in C . (12) 

It follows immediately from the above formulas that for any linearized perturbation jab 
off of Minkowski spacetime that satisfies the linearized Einstein equation 6Rab = 0, the 
linearized Weyl tensor 6 C abed satisfies 

d'^SCabcd = (13) 

and 

d'deSCabcd = 0. (14) 
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For each n = 0, 1, ... d — 1 let K^j^ denote the translational Kilhng field in Minkowski 
spacetime assoicated with the /ith coordinate basis field of the global inertial coordinates 
{t = x°,x\ . . . of eq. dH), i.e., let = {d/dx^y. Then we have daK^ = 0. Let W 

denote the dilational conformal Killing field of Minkowski spacetime whose components in 
the global inertial coordinates are given by = x^. Then we have 

daW' = 5j'. (15) 

For i = 1,2,3,4, let 

Vr = J2<K:. + b^W'' (16) 
where the and bi are arbitrary constants. Let 

<f) = SCabcdV,^V,XV,^ . (17) 

Then, we have 

+ b,6CabedV,^V,%^ + b,6CabceV,^V,%\ (18) 

Applying to this equation and using eqs. (fT^ . (fT^ . (fT^ . and the tracelessness of the 
Weyl tensor, we obtain 

(9"9e0 = . (19) 
Consequently, on the Einstein static universe, the quantity 

4> = n^-'^/^ct) (20) 

satisfies the conformally invariant wave equation 

^•^•^-45rT)«^ = °. pi) 

(see, e.g., appendix D of [E]) where R denotes the scalar curvature of the Einstein static 
universe and, in this equation, indices are raised and lowered with the unphysical metric, 
cjab (see eq. Q). It then follows immediately from the well posedness of the initial value 
formulation of this equation on the Einstein static universe that extends smoothly to 
conformal null infinity and cannot vanish everywhere on X"*" or on X~ unless itself vanishes 
identically. Since we have 

SCabcd = ^^SCabcd (22) 

(where SCabcd denotes the perturbed unphysical Weyl tensor with its index lowered by cjab) 
we have learned that for any perturbation of Minkowski spacetime with smooth initial data 
of compact support, and for any choice of the constants af and bi (see eq. (fTI)|) above), the 
quantity 

X = ^-^-''I'^bCabcdV^VlV^Vt (23) 
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is smooth everywhere in the Einstein static universe, and it cannot vanish everywhere on T"*" 
(or on X~) unless x vanishes identically. 

By direct calculation, it can be verified that in the Einstein static universe, we have 

ir« = aX-^V"a^- (24) 

Here = V"fi, each is smooth, and again indices are raised and lowered with cjab- Since 
ao is nonvanishing in a neighborhood of X"*", we may substitute for in terms of = Kq 
and rewrite this equation as 

i^^ = P^f^ - «o^^V% , (25) 

where = afj,/ao, so, in particular, we have /?o = 1- For /i = 1, . . . ,d — 1 we define 
= V°/?^. Then it is not difficult to verify that on T"*" the vector fields t", si, ... , s'^_-^ span^ 
the subspace of the tangent space that is tangent to X"*". 
Similarly, we obtain 

w = ut" + nr , (26) 

where u = t — r and is a smooth null vector field that is nonvanishing at X+ but is not 
normal to X"*". Since is transverse to I^, it follows immediately that the vector fields 
s", • • • , s'^_i span the full tangent space at each point of a neighborhood of X"*". 
Substituting eqs. (j25|) and (j26|l into eq. (fT6|l to get the form of V"" and substituting this 
result into eq. (j^ . we see that x takes the form 

X = Q-^-^/^ [Q'^Fi + Q^F2 + fi^Fg] . (27) 

Here Fi denotes a linear combination of contractions of SCabcd with the vectors t", 
that include precisely two t"'s, F2 denotes a linear combination of these contractions that 
include precisely one t", and F3 denotes a linear combination of these contractions that does 
not include any t". The precise linear combinations occurring in Fi, F2, and F3 depend, of 
course, upon the choice of V^. By choosing = = and taking each of V2 and to 
be either W"" or a K^^, we obtain F2 = F3 = and we can make Fi be any contraction of 

5Cabcdt°"t'^ with /'s and s^'s. This proves that the quantity 

n^-^'HCabcdf't' (28) 

must be smooth at X"*". Given this result, we now may take V-^ = t°- and choose V^°, V^", 
to be any combinations of W"" and i^^ to conclude that 

^^-^'HCabcdt'' (29) 

must be smooth at 1^ . Finally, given that expressions ()28|) and ()29|) are smooth at X+, if 
we then choose V-^, V2, V^, to be any combinations of W"" and -K"^ we find that 

n'-''^' SCabcd (30) 

■^This set of d vectors is "overcomplete" ; the vectors sf,..., s'^_^ are not linearly independent at I+. 
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must be smooth at X+. 

Since t°- = oq^" ~ fiV^ao, we may restate the above result as follows: Let jab be an 
arbitrary solution to the linearized Einstein equation (with smooth initial data of compact 
support) off of (i-dimensional Minkowski spacetime for any d > 3. Then the corresponding 
perturbed unphysical Weyl tensor 5Cabcd in the Einstein static universe is such that the three 
quantities 

^'-"'HCabcd, n''""HCabcdn\ ^^-^iHCabc^n'^n' (31) 

are all smooth at . Furthermore, since x cannot vanish identically for all and hi (unless 
7a6 is pure gauge), it follows that at least one of the above quantities must be nonvanishing 
somewhere on T"*" . 

In c? = 4 dimensions, it turns out that SCabcd vanishes at X"*", so, in particular, the first 
two terms in eq. ()31|) vanish. The fact that, generically, in 4 dimensions all components of 
the perturbed unphysical Weyl tensor are 0{Q) at X"*" gives rise to the familiar asymptotic 
"peeling properties" of the Weyl tensor in the physical spacetime. However, the arguments 
leading to the vanishing of the first two terms in eq. (j!?T|) (see [Zj) appear to be very special 
to the 4-dimensional case. We see no reason why these terms should vanish when d > A. 
If so, the "peeling behavior" of the physical Weyl tensor for d > A would be qualitatively 
different from the 4-dimensional case. 

In any case, our above results establish that, il^~'^^'^6Cabcd is smooth at X"*", and SCabcd 
cannot vanish at X"*". This proves that in odd-dimensional spacetimes, the leading order be- 
havior of the perturbed unphysical Weyl tensor always begins with a half-integral power 
of Q. Consequently, the unphysical metric fails to be smooth at X"*" (and X") to the same 
degree as it describes deviations of the physical metric from Minkowski spacetime. 

It should be emphasized that our analysis does not show that it is impossible to define 
a suitable notion of asymptotic flatness in odd dimensions that admits a notion of Bondi 
mass and energy flux. Indeed, it seems entirely possible that such a definition of asymptotic 
flatness could be formulated in terms of an asymptotic expansion of the physical metric in 
(integral and half-integral) powers of 1/r, analogous to the definition of asymptotic flatness 
in 4-dimensions originally given by Bondi et al [8 . However, our analysis clearly indicates 
that it will not be fruitful to seek a definition of asymptotic flatness within the conformal 
null infinity framework for odd dimensional spacetimes. 

We wish to thank Bob Geroch for suggesting that we directly investigate the behavior of 
the perturbed Weyl tensor rather than the perturbed metric for pertubations of Minkowski 
spacetime. This research was supported in part by NSF grant PHYOO-90138 to the University 
of Chicago. 
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